Abstract. We prove a theorem of Tits type for compact Kähler manifolds, which has been conjectured in the paper [9] .
Then the set N(G) as in 1.1 is a normal subgroup of G such that G/N(G) ∼ = Z ⊕r with r ≤ n − 1. If r = n − 1, then the algebraic dimension a(X) ∈ {0, n} (cf. [16, 3.2] ), the anti-Kodaira dimension κ(X, −K X ) ≤ 0 and one of Cases (1) ∼ (4) below occurs.
(1) X is bimeromorphic to a complex torus.
(2) X is a weak Calabi-Yau Kähler manifold.
(3) Aut 0 (X) = (1), q(X) = 0 and the Kodaira dimension κ(X) = −∞. Further, X is rationally connected provided that X is projective and uniruled. A remark on the uniruledness in Theorem 1.2 (3): for a projective manifold X, the good minimal model conjecture claims that X is uniruled if and only if κ(X) = −∞; this conjecture has been confirmed when dim X ≤ 3; see [11, §3.13] .
We refer to [7] , [18] , [6] , [3] and [4] for the definitions of the i-th dynamical degrees d i (g) and the topological entropy h(g) for g ∈ Aut(X). It is known that h(g) = max When G is abelian, Theorem 1.1 follows from [3] . The key ingredients of our proof are:
the very inspiring results of Dinh-Sibony [3] , especially the Hodge-Riemann type result [3, Corollary 3.5] , the theorem of Lie-Kolchin type for a cone [9, Theorem 1.1], and the trick of considering the 'quasi nef sequence' in 2.2.
(1) For a projective manifold X, if we replace H 1,1 (X) by NS(X) ⊗ Z C, the same statements of Theorems 1.1 and 1.2 hold; to prove them, we just replace H 2 (X, Z) and the Kähler cone by respectively NS(X)/(torsion) and the ample cone.
(2) For Theorem 1.2, it is easy to show that r < h 1,1 (X). However, h 1,1 (X) has no upper bound even for surfaces. Our bound r ≤ n − 1 is optimal as seen in [3, Example 4.5] , where their examples X are abelian varieties (and hence κ(X) = 0). Theorem 1.2 shows that, indeed, such optimal cases happen only when κ(X) ≤ 0.
More generally, one has r ≤ max{0, n − 1 − κ(X)} (optimal!) by Lemma 2.11.
(3) When X is a surface, Theorem 1.1 says that either G is very chaotic, or has at most one dynamically interesting symmetry.
(4) The proofs of Theorems 1.1 and 1.2 are straightforward, with no any fancy stuff.
What are the obstacles (in proving Theorem 1.2 for non-commutative G)?
First, without the commutativity, one could not produce enough common nef (as usually desired) eigenvectors L i of G in the closure K(X) of the Kähler cone of X, in order to construct a homomorphism ψ : G → R n−1 . Second, even if one has n − 1 of such L i , the non-vanishing of L 1 · · · L n−1 (needed to show the injectivity of ψ modulo N(G)) could not be checked, unless, being lucky enough, L i 's give rise to pairwise distinct characters of G. A naive approach is to use induction on h 1,1 (X) and apply the generalized PerronFrobenius theorem in [1] to the cone: Im(K(X) → H 1,1 (X, R)/(RL 1 )); see 2.1 for the notation. However, the latter cone may not be closed and hence a common eigenvector of G in the closure of the latter cone is of the form L 2 + RL 1 (a coset) but with L 2 not necessarily in the cone K(X). Fortunately, these difficulties are taken care by considering the quasi nef sequence in 2.2, and the latter is further exploited in Lemma 2.10.
To the best of our knowledge, there are only partial solutions to the conjecture of Tits type for complex varieties, like [9] and [10] . See also [14] and [19] for related results. 
Let N r (X) be the quotient of H r,r (X, R) modulo numerical equivalence: for
X) the class containing D 1 , but we will write
by abuse of notation. Notice that numerical equivalence may not coincide with cohomological equivalence when r ≤ n − 2.
The cone K(X) ⊂ H 1,1 (X, R) is defined to be the closure of the Kähler cone K(X) of X. Elements of K(X) are said to be nef.
We now use the definitions of [13, §A1] . Let ω be a C ∞ -(k, k)-form on X with 1 ≤ k ≤ n. For a local coordinate system (z 1 , z 2 , . . . , z n ) of X, our ω is locally expressed as
with C ∞ -functions a I,J , where ♯I = ♯J = k and dz I : 
2.2. The quasi nef sequence. Let X be a compact Kähler manifold of dimension n.
(i) M 1 is nef, and (1) For all i 1 ≤ · · · ≤ i t ≤ s with s + t ≤ n, we have (cf. 2.1):
In particular,
is semi-positive over the set
In the following, assume 1 ≤ s ≤ n − 1, and take
Proof.
(1)We only need to prove the first part and for this we proceed by induction on t. The case t = 0 is clear. Suppose that we are done with the case t. Then for the case t + 1 (with i t+1 = k ≤ s say) the assertion (1) follows from:
The assertion (2) Let X be a compact Kähler manifold. For a subgroup G ≤ Aut(X), we consider its
Remark 2.5. By the Tits alternative theorem [15, Theorem 1], either G|Λ C and hence G contain a subgroup isomorphic to Z * Z, or G|Λ C contains a solvable subgroup H of finite index. In the latter case, the preimage G 1 ≤ G of the identity component of the closure of H in GL(Λ C ), is of finite-index in G, and is solvable and Z-connected on Λ.
We shall use the theorem of Lie-Kolchin type for a cone in [9] : Applying Theorem 2.6 to the cone K(X) ⊂ H 1,1 (X, R), there is a common eigenvector
Consider the induced action of G on the finite-dimensional subspace M 1 .H 1,1 (X, R) (⊆ H 2,2 (X, R)), which is nonzero by Lemma 2.3 (1). Our M 1 .K(X) is a cone and spans
. Now G is solvable and
(multiplied by χ 1 ). Applying Theorem 2.6 to the closure of
Notice that M 2 may not be nef because of the ( * ) above. We may write
is a character. Inductively, we obtain M 1 , . . . , M n such that for every 1 ≤ r ≤ n − 1 our G is solvable and Z-connected
where
Define a homomorphism into the additive group as follows
. . , log χ n−1 (g)).
Now the first part of Theorem 1.2 follows from the two claims below.
Claim 2.8. Ker(ψ) = N(G).
Proof. By the equivalent definition of the entropy h(g) in the introduction, we have N(G) ⊆ Ker(ψ). Suppose the contrary that g ∈ Ker(ψ) is of positive entropy. Then
Perron-Frobenious theorem in [1] to the cone K(X) which spans
is nef, we can apply Lemma 2.
with λ 1 = 1. We have reached a contradiction. This proves Claim 2.8.
Claim 2.9. Im(ψ) is discrete in R n−1 with respect to the Euclidean topology.
Proof. Since ψ is a homomorphism, it suffices to show that (0, . . . , 0) is an isolated point of ψ(G). Let ε > 0. Consider the set Σ = Σ ε of all elements g ∈ G satisfying | log χ i (g)| ≤ ε for all 1 ≤ i ≤ n − 1, or equivalently χ i (g ± ) ≤ δ := e ε . Note that g ∈ Σ if and only if g −1 ∈ Σ. Let g ∈ Σ with ψ(g) = (0, . . . , 0). Then g is of positive entropy by Claim 2.8.
Thus there are nonzero
and λ
We now prove the assertion ( * * ):
Indeed, applying the argument above to
If M 1 · · · M n−1 L i = 0 for both i = 1 and 2, then χ 1 (g) · · · χ n−1 (g) λ i = 1 and hence 1 < λ 1 = λ 2 < 1, absurd. Switching g with g −1 if necessary, we may assume that
X) and t ≥ 2 is minimal such that We still need to get a better rank upper bound r ≤ n − 2 except for the four cases in Theorem 1.2. To distinguish, we also write r = r(G). Proof. We use the argument for the first part of Theorem 1.2, first for (Y, G) and then for (X, G). By the assumption, both G|H 1,1 (X) and G|H 1,1 (Y ) are solvable and Z-connected.
By the argument for the first part of Theorem 1.2, there are M
We can continue the sequence
. . , M n satisfy 2.2 and the following for all 1 ≤ t ≤ n g
Define a homomorphism into the additive group:
As in the first part of Theorem 1.1, we only need to show that Ker(ϕ) ⊆ N(G) and Im(ϕ) is discrete. Notice ( * * * ):
Suppose that g ∈ Ker(ϕ). Then χ i (g) = 1 holds also for i = k by ( * * * ), and hence for all 1 ≤ i ≤ n − 1. Thus Ker(ϕ) = N(G) by the proof of Claim 2.8.
Consider the set Σ = Σ ε of all elements g ∈ G satisfying | log χ i (g)| ≤ ε for all i with i = k and 1
. Now the proof of Claim 2.9 shows that ϕ is discrete. This proves Lemma 2.10. Lemma 2.12.
Proof. Take m >> 0 so that the movable part |S| of |−mK X | gives rise to a meromorphic map Ψ : X ···→ Z with dim Z = κ −1 . Now h * S ∼ S for all h ∈ Aut(X). Replacing X and Z by their G-equivariant blowups, we may assume that |S| is base point free so that Ψ is holomorphic (but associated with a linear system bigger than | − mK X |), Z is smooth, and G descends to G|Z ≤ Aut(Z). If dim Z < dim X, then r(G) ≤ n − 2 by Lemma 2.10.
Consider the case dim Z = dim X. Then S is nef and big, whose class in
is preserved by G, so the argument of Lieberman [ Suppose that H ≤ Aut 0 (X) is connected and closed and has a dense open orbit in X.
Then X is almost homogeneous, Moishezon (and hence projective, X being Kähler) and unirational, because H is a rational variety by a result of Chevalley. X is birational to Remark]. The unirationality of X implies that of Z; and a unirational surface is rational.
If H is further commutative, then X is rational because: the stabilizer H x of a general point of x ∈ X is normal in H and hence H x = H y for all general y ∈ X (by the density of the orbit Hx in X), so H x is trivial and H dominates X birationally. Now Theorem 1.2 follows from Lemma 2.15, the argument above and the application of Lemma 2.14 to characteristic subgroups of Aut 0 (X), especially to Aut 0 (X) and to the last term (an abelian group) of the derived series of R(Aut 0 (X)) (the radical). 
